297

3. FRIDMANV.E., Non-linear acoustics of explosion waves, in: Non-linear acoustics. Theoretical
and experimental studies (Nelineinaya akustika, Teoreticheskie i eksperimental'nye
issledovaniya), Izd. In-ta, prikl. fiziki AN SSSR, Gor'kii, 1980.

4, COLE R., Under-water explosions, Dover, N.Y. 1965.

5. RUDENKO 0.V. and SOLUYAN S.I., Theoretical foundations of non-linear acoustics Teoreticheskie
osnovy nelineinoi akustiki), Nauka, Moscow, 197S.

6. LIKHACHEV V.N., Inversion of a spherical compression wave in a fluid, PMM 46, 2, 1982.

7. GONOR A.L. and LIKHACHEV V.N., Propagation of a shock wave at great distances, Dokl. Akad.
Nauk SSSR, 271, 3, 1983.

8. GONOR A.L. and LIKHACHEV V.N., One-dimensional non-stationary fluid motions Izv. Akad.

Nauk SSSR, MzhG, 3, 1980.

9. BAUM F.A., ORLENKO L.P., STANYUKOVICH K.P., et al., Physics of explosions (Fizika vzryva),
Nauka, Moscow, 1975.

10. LIKHACHEV V.N., Determination of the profile of a spherical shock wave in a fluid, Hydro-
aero-mechanics and theory of elasticity (collection of articles), Izd-vo Dnepropetrovsk,
un-ta, Dnepropetrovsk, 1981.

11. FEDORYUK M.V., The saddle point method (Metod perevala), Nauka, Moscow, 1977.

12. COLE J., Methods of perturbations in applied mathematics /Russian translation/, Mir,
Moscow, 1972.

Translated by D.E.B.

PMM U.S5.S.R.,Vol.50,No.3,pp.297-303,1986 0021-8928/86 $10.00+0.00
Printed in Great Britain © 1987 Pergamon Journals Ltd.

ON LAMINAR PRESEPARATION FLOW'

E.V. BOGDANOVA and 0O.S. RYZHOV

The boundary layer of an incompressible fluid in the domain ahead of the
departure of the free streamline from the surface of a smooth body or a
break-point of its generator, is considered. The potential of the external
irrotational velocity field is taken from the theory of jet flows. It is
assumed with respect to the initial value of the surface friction that its
order can vary over a wide range, while remaining finite, or taking
extremely large values. The boundary layer in the preseparation domain
always admits of a unified mathematical treatment, in which the initial
surface friction plays the role of a parameter.

1. External potential flow. For measuring both the independent and the required
quantities we take a system of units in which the basis quantities are the radius of curvature
of the body generator at the point of separation, the velocity of the external potential flow
at this point, and the fluid density. Changing to dimensionless variables, we direct the s
axis of the curvilinear orthogonal system of coordinates along the body generator, and the n
axis along the normal to it. Let u’, V' be the components of the disturbing velocity vector, and p’
the excess pressure in the external potential flow domain. In accordance with the linearized
form of the Bernoulli integral, u'= —p’, while the complex velocity is — (p’ + i'). By the
theory of jet flows of an ideal incompressible fluid, we know that, in the neighbourhood of
the departure point of the free stréeamline from the body /1/

P+ =ibyzh iy ..., z=s-tin (1.1)
When argz— 0, the pressure p'— 0, whereas
V==bysr 4 bysh ... (1.2)
If argz— =m, then v — 0, while
P — by, (— &)t + by (— 8 ... (1.3)

In accordance with (1.2), the equation of the free streamline is

n =2 by byt (1.4)

*prikl.Matem.Mekhan.,50,3,394-402,1986
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It was shown by Sychev /2/ that, for the boundary layer when the flow past the body is
poor, the constant b, is positive and of the order of R™"¢, where R is the Reynolds number.
This estimate implies justification of the so-called Brillouin-vVille condition, according to
which, in the limit as R — oo, the curvature of the free streamline at the point of departure
from the body is equal to the curvature of the body contour. For, see (1.4), the curvature
of the fluid jet enveloping the body then following the boundary of the stagnant zone,
remains continuous at the point s=0 as b”!—oQ

The possibility of applying the results of jet theory to a local description of the
velocity field on separation was also studied by Messiter and Enlow /3/, and led them to the
incorrect claim that &,=0 for any large (but nowhere infinite) Reynolds number. 1In their
expansion of the complex velocity, the series in half-integral powers of z started with a
term proportional to :/:. Later calculation of this term /4, 5/ did not change Sychev's
conclusions.

The constants &, and b, of 11.1) are determined by the global flow picture, which may
in fact be cavitational. 1In the latter case their values are changed on changing from one
model to another, though the changes are slight /6/. 1In the context of local theory, aimed
at constructing the velocity field close to the separation of the flow from the body surface,
both constants have to be specified in such a way that account is taken of the typical
situations that arise in the flow past obstacles of different shape, in which the conditions
of boundary layer formation in the preseparation =zone may prove to be very different from
case to case.

2., Transformation of the Prandtl equations. Denoting the transverse coordinate
and stream function, normalized in the usual way, for the boundary layer, by N and ¥ re-
spectively, we write

a¥_ Y ¥ aY _ &Y dy o1
N TN T 8. INT — N T s (2.9)

where the excess pressure p’ is given by (1.3). We shall assume that the constant by, in it
can have either sign, while the constant by, ~ 1 is positive. A further parameter is extremely
important for describing the boundary layer, namely, the characteristic size of the surface
friction A. Henceforth, the constants by, and A are assumed to be subject to at least one of
the two inequalities [by, |1, or A 1.

When [ by, | €1 and A ~ 1, the Prandtl equation in canonical form (2.1) is initial.
But when | by, |~41 and A1, we first have to change the independent variables and the
required stream function in it, since the effective thickness of the boundary layer is
greatly reduced. The key to this change is the invariance of (2.1) (with the derivative
dp’/ds neglected) under the two-parameter group of similarity transformations

s=oax, N=20y, ¥=1v 7=ap? 2.2)

Putting a = A"%, B = A™!, with the resulting equation y = A"', we find that, in the new
variables, the characteristic size of the surface friction is unity, while the excess pressure

s P = AN — by, (— &) + A2y, (— 2 4. (2.3)

We shall assume that the changes (2.2) have been made, i.e., we have changed to a system
of measuring units in which all the boundary layer parameters retain finite values, while the
excess pressure is small.

3. Viscous flow in the wall layer. Due to the singularity in the pressure gradient
given by (2.3), the boundary layer has to be divided into two domains: its main thickness,
and the thin layer immediately adjacent to the wall /2, 3/. In the first domain the flow
can be regarded as locally inviscid, while in the second, if we ignore viscous tangential
stresses, we cannot satisfy the condition of fluid adhesion on the solid surface. To isolate
the main term in the expression for the pressure, with any values of by, and A, it is natural
to make the extension z = | by, | A'z; of the longitudinal coordinate, after which we introduce
the transverse coordinate ys and stream function ¢Pg for the velocity field in the viscous
sublayer by

ya=|by, |1 Mys, o =|by, |2 A-Vnps 3.9

In these variables, (2.1) becomes

Iy Oy Ay ANy Py B P Y, 8P
Crak e il Al LA @2

Since the normalized excess pressure p; is given by
p’A= I bx/' l./’ A’"/lpl, D= sign bx/’ (—_11)‘/' + b;/.}\.-a (— 11)'/' + - (3,3)

it is obvious that the term with its gradient on the right-hand side of (3.2) is small, not
only with |by, |<<1 and A~ 1, but also with |by,|~1 and A>>1. This property, which



299

is justified afresh by the invariance of the Prandtl equation (without the derivative dp'/dz)
under the group of similarity transformations, enables the solution of (3.2) to be expressed
by means of the asymptotic sequence

s =Yaya? + | b, e A [457° (21, ) + W98 (2, ya)] 4 D98 (21, 08) + - (3.4)
Here, the constant by, can be chosen arbitrarily, as will be seen below; the term with
the function +§? has to preserved, if A~ 1. Without specially isolating the last case,
each of the terms Py, m =1y, %, %5 in (3.4) will be represented by the equation
W= (—2)" ™ E), E=(—z)"ys (3.5)
The ordinary differential equation for fm is

34(m) 1 a3 afm
—‘dd/z“a -5 ¥ ajan mg :fzs — mfm = mby, (.6)
where Om, =signby, for m =13, 6, = —by, for m =3/, and &, = 0 for m = %, The boundary
conditions
™ == dfmgt =0 for E =0 3.7

for Eq.(3.6) are obtained from the fluid/body adhesion condition. Moreover, there must be no
terms in the solution which increases exponentially as £ — oo,

Differentiating (3.6) and substituting g™ = d%m/dE2  we find, following /3/, that the
new required quantity, regarded as the function 1 = §¥/9, satisfies the homogeneous equation

digt™ 2 g™ 2 _
NG =) SH (- e =0 38
Subsituting (3.7) into (3.6), we obtain the boundary condition

dgt™/dn = 3-md, s as n—0 (3.9)

for Eq.(3.8). To eliminate the exponential increase in the solution at infinity, we put
g™ = Ap¥ (/3 — m, *g; n) (3.10)

with the Tricomi W¥-function /7/ on the right-hand side. As 17— oo, we have

g™ == Ay [ — (1 — m)Ys — m) -t -] @14

Denoting by I' and @ respectively the Euler gamma function and the confluent hyper-
geometric function, we rewrite (3.10) as /7/

- T (s 2 2 N, T A
g™ =y, [ Tl 0 (- — my i)+ T w0 (1 — o) (3.12)
Since ® = { for n = 0, boundary condition (3.9) gives

T(—? .

T (2,, _/a’)") A= 3mbp, (3.13)

For m. =1/, 3/,, (3.13) gives the constants

1t T — 3" Lo
Ay, = — 5 Ty S8R v = — 5 gy b (3.14)
on recalling that 8, =signby, for m =1, and 8, = —by, for m =%, However, with 8, =0
we can only obtain a non-trivial value of the constant Apmin the case when
m=3,4+N, N=0,12,... (3.15)

The first eigenvalue of spectrum (3.15) is m = ?%/4, which generates the eigenfunction
gt = 1, corresponding to a shift in the initial surface friction A, and hence is of no
interest. The second eigenvalue m = %y justifies the introduction into expansion (3.4) of
the term proportional to the constant by, Since this constant is not contained in the external
expansion (1.1)—(1.4) for the potential flow, we put Ay, = —3,  Then, the second eigen-
function is gt =1 — 3/, n, and corresponding to it we have

FO =1/ (82 — Y/eoE®)

which gives a typical velocity field for a boundary layer with zero pressure gradient.

Substituting the values (3.14) of the constantsdy, and As, into (3.12), we can find the
surface friction 1T, acting on the body. 1In our dimensionless normalized variables:

_ o, o 4 _T{aT ()
T =G5 o T lumo = - T 23T () (3.16)

by e A% [ — sign by, (— x)e 4 5By N3 (— 2] + by, (—20) + - -
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It remains to find the behaviour of the fluid parameters on the outer edge ygz-+ o of
the viscous sublayer, whence we can find the conditions for union with the stream function ,.
Returning to (3.5} and (3.11), we have

1 1 LE 57 3
11)3 e T932 -+ !bz}g ‘ e A%s {51gn bxix X {3‘17)
2T (Ys) o2 _ e e 1y -
[M 3T (2s) Ya -+ B‘/z( $1)/ Ys ( xl) -+ -~-]
- 4T (Ys) /s (M) ¥y o (e N .
by M a[ 35T (3/5) Us — r(z/s) (—23)ys" + By, (— 2o ys

(— ot [— e (e

where By, and By, are constants which arise on integrating g™ with m =1/, %,

4, The main thickness of the boundary layer. Transforming in the Prandtl
equation to the variables =z, y,, P, and recalling (3.3) for the excess pressure, we write it
as

2%y, s 9 4 @ 37, Aty O
%[@x;gzz __3%'.3%&_1&[‘“' ' 3:12: —lblf' ;ux ‘/’%

As distinct from (3.2), both the coefficients of the terms on the right-hand side are
expressible in terms of the ratioc |by, /A, which tends to zero, both when [by, [<€1 and A~ 1
and when |by,|~1 and AS» 1. Under this condition, the principal feature in (4.1) becomes
the operator on the left-hand side, generated by taking account of the inertia forces in the
Prandtl eqguation, while the contributions from the pressure gradient and the viscous tangential
stresses are small. In order to be able to satisfy the condition for union of 1 with the
stream function for the narrow wall sublayer, with |by /A< 1 it is natural to seek the
sclution as the asymptotic seguence

Yo = P2 (yg) -+ | by, | N o (@1, e + | by, I/ X {4.2)
ATy (4, Ya) | by, [N by (2, 4a) + -
Substituting (4.2) into (4.1), we find
d‘l?g) Iy d"t’g o,
dy; 9mdys  dy@ 0%

(4.1)

)

- ‘Fz (4.3)

where the function Yu® is left arbitrary. The index != 2, for which ¥, = dm®@/dy?,
distinguishes the regular term in the solution of the Prandtl equation, It is obvious in
advance that, with [ =3, the right-hand side W¥,==(, so that ¥, is in essence the eigen-
function defined by the inertia forces of the operator on the left-hand side of (4.1).
Finally, corresponding to the singularities in the pressure gradient (3.3) we have the index
l=4 with ‘F; = ——dpild:cl.

We seek the solution of Egs.{(4.3) as the expansions

Pos = Y@ (y3) + (—z)b2® (ya) + . - - {4.4)
Yaa = (—2)"" 2™ (y2) + (—2y) P25 {ga) + . . . ]
Pag = (—2)lpaal™ (yg) + (—2p) b (ga) + . - ]

with respect to the longitudinal coordinate. Like $u®, we choose Yu® arbitrarily, while
the remaining functions on the right-hand sides of (4.4) satisfy the ordinary differential
equations

s U A

)
dy, dvn - d”’ﬂ ‘pﬂm Ts (4'5)

where the right-hand sides ¥, are evaluated from W; of (4.3).

It is clear from the first of Eqgs.(3.l) that the variable y;—0 if we fix y,~ 1.
Conversely, let y, ~ 1 be assumed given; then y;— o0, These relations show how the solutions
Py (Z1, ¥s) and Py (2, ys) must be united for the two domains into which the boundary layer
splits up. Using the second of Egs.(3.l1), relation (3.17) first establishes the limits

(0) 1 41" (1) ~5,." 1 -
a1 -—"—yla — mr(r-(-:/‘—b-/lx 3Ya /a ——mlbxll [ 1%/&35 4 ene (46)
(0)__ 2r(1/€) M My
Ygp = stgnbx;,y, 4.
to which the functions $n» and Px»®, which have been left arbitrary, tend as y,~ 0, The
first of Egs.(4.6) shows that the constant &y, = |[by, |ABy, with By, ~ 1. When A1, the

second term on its rlght-hand side becomes small compared with the others, and can be omitted.
The regular term in “the solution of the Prandtl equation is fixed by the limit
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re T
W= Fi’;:; by Ayt + = By A .- (4.7)

The eigenfunctions of the operator, defined by the inertia forces, on the left-hand side
of (4.1) have the limits

PO = By, signbyys + ..., Y49 = — Byby s + ... (4.8)

Finally, the limiting expressions of the functions due to the singularities in the
pressure gradient are

PP =(—1)signby, +..., PEI=bA 4. .. (4.9)

In the case A>>1, the first term on the right of (4.7) can be neglected, and in
addition, the limits Of s/0, 1y,*/» as y,—+ 0 can be assumed to be zero. This is equivalent
to neglecting, right from the start, the term with (— z,)%* in relation (3.3) for the excess
pressure. If by, << 1 and A~ 1, then all the terms in the limit relations (4.6)—(4.9) are
of the same order, though this does not change our conclusions for the flow domain considered,
which are based on Sychev's analysis /2/.

The solution of Eq.(4.5) which satisfies condition (4.7) is

1
W =—

dp® W ge® \2 geyl®
b ( a ) n g (4.10)
4]

dy dy’

The integrals of Eq. (4.5), which turn into linear functions (4.8) as y,— 0, are

] o _, dv®
;'S/O)=Bn/' signby, d2-1 y wg/')z—B;/'bt/,x'a T0s 4.11)
Y2
Solving Eq.(4.5) with limiting values {(4.9), we obtain
. a0 VS o |72 1 g ap®
/) o 21 21 1 _ 1 %y
Y —SIgnb'/'{ dy; [( dy ) - y’]dy Vi 9 } (4.12)
[}
. o "§ dp® |72 1 vy
e _ g, -a{ 2 [( a1 ) __] 1 % }
au S ; dy ol K i

Egs.(4.10)—(4.12) complete the construction of the velocity field in the basic thickness
of the boundary layer. It must be said that the quantities /9, /@, introduced by Egs.
(4.11), though due to the presence of singularities in the external pressure distribution,
are formally eigenfunctions of the operator of inertia forces onthe left-hand side of (4.1).

5. The non-linear domain. We return to Eq.(3.16) for the surface friction, which
shows that, when (—z;) ~ [by, [PA™® the first correction term on the right-hand side becomes
of order unity. This characteristic size is inherent in the non-linear domain, where our
above analysis loses its force. We mark all the quantities in this domain with a bar, and
in accordance with our remark, we normalize the longitudinal coordinate as follows:

zy = | by, [PA75z (5.1)
In the viscous wall layer located here, as follows from the second relation (3.5) for
the similarity variable §, the transverse coordinate g~ (—z)s. As a result, we have
Ya=1by, [ A"y (5.2)
Since ¥ ~ j?, then
Pa = by, [/ 271G (5.3)

We can arrive at the same estimate by noting that the term with \p‘;’" on the right-hand
side of (3.5), which has played the role of a small disturbance, becomes of the order of the
basic solution (the terms ${’?, {/? give a start to higher appoximations). This conclusion
is confirmed by comparing the texrms with \pg), 1p§g) in expansion (4.2) for the main thickness
of the boundary layer.

Substituting (5.1) into the second of (3.3), we obtain the definition

pr==|by, [+ A*p (5.4)
of the excess pressure. Now, all the variables, both independent and required, are expressible

in terms of the parameters | by, [ and A.
On referring it to the new variables, the Prandtl Eq.(3.2) becomes

anp ap % dp (5.5)

where there are no terms with small coefficients. The initial conditions are obtained for it
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by union of the stream function % (Z, §) with 13 (1, y3) and of the pressure p (Z) with py (2y).
Since the similarity variable § = (—Z)"s§ remains invariant under affine transformation (5.1},
(5.2), the conditions

Gt + (=5 2@ +..., p—>—signby, (—2)" 4 ... (5.6)

which appear as Z-—» — oo, £ = const, are the same as those obtained at the input of the boundary
layer, freely interactingwith the external potential flow /2, 8, 9/.

To state the boundary conditions for Eq.(5.5) as j— oo, we have to construct the solution
for the main thickness of the boundary layer in the non-linear domain. In Z,y,, ¥,, variables
Eg.(4.1) becomes

0P, a4, P, oM

) _g P, -4 4D -
—_— 3 T P ¢ 46 —_ 4 )4 28
dy, Oz oy, 9z Oyt ‘b‘/s I A N |b‘/- ' A iz (3.7)

and therefore, in order to integrate it, we can use an asymptotic expansion in powers of
[ by, /h. The union with the stream function (4.2) shows that there must be linear and quadratic
terms in the required expansion. Repeating the arguments of Sect.4 in the light of this
remark, we obtain
0 - g
Yo = 9 (y2) + 1 by, [ V1YL (ya) + | by | 2272 A (5) dy. T {5.8)

The term with displacement thickness A represents the eigenfunction of the operator on
the left-hand side of (5.7), determined by the inertia forces. The choice of A remains
arbitrary, except that A — By,sign by, X (—Z)% , 7> —oo.

The union of the stream function § (%, 7), normalized by (5.3), with the solution (5.8)
for Y, (7, y,), leads to the condition

1 20 (Me) . N _ _
q)—»Ty“’—W51gnbn/,y/r+A(z)y+... as j—oo (5.9)
which repeats the condition arising at the edge of the viscous wall layer in the domain of
free interaction /2, 8, 9/.
It remains to consider the external potential fluid motion, where the transverse

coordinate y, has a size of the same order as the longitudinal coordinate. Since s = | by, *A7%2
by (5.1), then also n = | by,|®*A"%,. Instead of the stream function, it is convenient here to
operate directly with components u’ = |by, [*A™%u, and v = | by, PA™%, of the disturbed velocity

vector. A complete analysis of the potential motion is beyond the scope of the present paper;
to see the underlying ideas, we need only quote the condition

v, = —KdA/dz for y, =0, K = R+ |by, |*N® (5.10)

which follows from the union with the velocity field in the main thickness of the boundary
layer.

The constant K is a similarity parameter, defining the flow mode. With K<€1, we obtain
for the complex velocity the problem of flow past the initial body, since in accordance with
(5.10) we have v, (%, 0) = 0 to a first approximation. The excess pressure is then found from

its limiting value at infinity. Hence, p= — sign by, (—2Z)":+ ..., whereas the displacement
thickness 4 (Z) is boundary condition (5.9) remains unknown. It is found during integration
of Eq.(5.5), which starts as Z—» — o with the initial distribution for the stream function,

assigned by the first of relations (5.6).

Now let K ~ 1. This is the mode of free interaction of the boundary layer /2, 8, 9/.
Since the function A in (5.10) is not known in advance, the selfinduced pressure p introduced
by (5.4) is one of the required functions with singular behaviour as Z-—> — oo, The relation
K ~1 fixes the connection between basic parameters | by, | and A, specifying the pressure
gradient and characteristic surface friction in the boundary layer respectively, and the
Reynolds number R. When A~ 1, the coefficient |by, |~ R-¥+<C€1, which repeats the result
of /2/ for flow past a smooth body. If |by, |~ 1, then A~ RY«>1 with the consequent
estimates of sizes s = | by, A8 (—2Z) ~ R, n = R by P X A% ~ R of the wall layer
in the domain of free interaction, which were obtained in /10/ in accordance with the previously
proposed description of the field of preseparation flow /11/. Simple analysis of the solution
of /11/ shows that the surface friction 71, in it is subject to the relation K ~ 1, if A
is replaced by T,.

Notice finally that the change of sign of the coefficient of by, from positive to negative
when |[by,|~R-Ys and A~1 represents a passage from flows with separation from a body of poor
shape, considered in /2/, to jet flows, in which the free streamlines issue from the ends of
small arcs or corner points of the body with breaks of the generator. Wwhen by, >0, the
Brillouin-Ville points are located on the surface of the small arcs with end pieces immersed
in the stagnant zone. Shoftening of the arcs leads to a drop in by, but the case by, <€ R
requires special analysis. If by, <0, there are no Brillouin-Ville points on the arcs.
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INVESTIGATION OF SELFSIMILAR SOLUTIONS DESCRIBING FLOWS IN MIXING LAYERS

V.N. DIYESPEROV

A complete investigation is made of the selfsimilar solutions of the
boundary layer equation for the stream function with zero pressure gradient.
They are a good description of the flow pattern in mixing layers since
far from the separation point the latter is formed mainly under the effect
of the boundary conditions and depends slightly on the initial conditions.
The selfsimilar function ® ({;m)({ 1is the selfsimilar variable, and m
the selfsimilarity parameter) satisfies a well-known third-order non-linear
differential equation. It is successfully reduced to a first-order
equation /1/, which enables us to investigate the behaviour of all the
integral curves of ®({;m) and, in particular, the examination of the
question of the existence and uniqueness of the solutions of the two- and
three-point problems that occur in the theory of displacement layers.
For m=1 these are classical problems /2—4/ and the Blasius boundary
layer problem and for m=2 the Goldstein problem for the wake /5/.
The mixing layer encountered in the theory separations /6—11/ refers to
the case me(1,2]. The case m= o occurs in the theory of non-stationary
separation /12/.

From the viewpoint of the behaviour of the integral curves, the
cases m>1 and 0<ms 1 differ substantially. For 0<m<{{ their
pattern is reformed in such a manner that solutions describing the flows
in mixing layers with reverse velocities do not occur. Examples of the
latter are given in /13, 14/.

To a first approximation the flow in a mixing layer is described by the equation for the
stream function

3y 859z 9z o " ap 1)

For an incompressible fluid A = 1. For a gas A =0/R?® (0) in the theory of local
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